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CIRCULAR ANTIPODAL GRAPHS

J. VEERANJANEUYULU, P.L.N VARMA

Abstract. In this article we introduce the concept of circular antipodal graphs. We study some
properties as well as self circular antipodal graphs. We construct circular antipodal graphs of some
families of graphs. Also some results are obtained in case of trees.

1. Introduction

The concepts of antipodal vertices and antipodal graphs were introduced by D. H. Smith in 1971 (see
[5]). Based on this concept many authors obtained results on antipodal graphs (for example see [1, 2,
3]). The antipodal graph of a graph H is defined by taking the same vertex set as H and two vertices are
adjacent in antipodal graph if distance between them is equal to diameter of H (see[6]). A graph H is a
self-antipodal graph, if it is isomorphic to antipodal graph of H.

The authors have introduced the concept of circular D-distance in [7]. Varma and Venkateswara Rao
have introduced the concept of D-antipodal and detour Dantipodal graphs (see [8]). In the present work
we introduce the concept of circular antipodal graphs based on circular distance.

Throughout the article unless specified otherwise we consider non-trivial, finite, undirected,
connected graphs without multiple edges and loops.

2. Circular antipodal graphs

First we introduce the basic points of circular antipodal graphs.

Definition 2.1. Let H be a connected graph. A pair of vertices r,s are said to be antipodal vertices
(respectively, detour antipodal vertices), distance between two vertices r,s is equal to the diameter of H,
i.e., d(r,s) = d(H) (respectively, D(r,s) = D(H)).

Definition 2.2. Let H be a graph. A vertex r of H is said to be antipodal vertex (respectively, detour
antipodal vertex) of H, if there is another vertex t in H such that d(r,t) = d(H) (respectively, D(r,t) =
D(H)).

In a graph H the set of all antipodal vertices (respectively, detour antipodal vertices) is called
antipodal vertex set (respectively, detour antipodal vertex set). Now we define the circular antipodal
graphs.

Definition 2.3. Let H be a connected graph. A pair of vertices r,s is said to be circular antipodal
vertices if the circular distance between them is equal to the circular diameter of the graph. In
otherwords r,s are circular antipodal vertices iff cir(r,s) = d°(H).
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One more,
Definition 2.4. Let H be a graph. A vertex r of H is said to be circular antipodal vertex of H if there is
another vertex t in H such that cir(r,t) = d°(H). The set of all circular antipodal vertices is called
circular antipodal vertex set of H.
Definition 2.5. Let H be a graph. An edge e = rs in H is said to be a circular antipodal edge of H, if the
end vertices r,s are circular antipodal vertices. In other words any edge joining circular antipodal
vertices is a circular antipodal edge.

The set of all circular antipodal edges of H is known as the circular antipodal edge set.
Now we define circular antipodal graph.
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Definition 2.6. Let H be a graph. The circular antipodal graph, A°(H) of H is defined as follows:

(1) vertex set of A°(H) is same as that of H.

(2) two vertices r,s are adjacent in A°(H) iff r,s are circular antipodal vertices in H.

Remark 2.7. In a connected graph there exists at least one pair of vertices which are circular antipodal
but given a vertex, there may not be any corresponding circular antipodal vertex.

Remark 2.8. In a graph, if vertex r has n circular antipodal vertices then degree of r is n in circular
antipodal graph. Similarly a vertex may not have any circular antipodal vertex. Such vertices are called
circular antipodal isolated vertices.

We give one more definition

Definition 2.9. A graph H is said to be self circular antipodal graph if H is isomorphic to circular
antipodal graph A(H).

Below theorem gives a class of graphs which are self circular antipodal graphs.

Theorem 2.10. The complete graph Ky is self circular antipodal graph.

Proof. Let K, be a complete graph with m vertices. By definition, every pair of vertices is adjacent in
Km. Hence for any two vertices r,s in Ky, we have cir(r,s) = m. Also d°(Kx) = m (see theorem 3.1 in
[9]). Therefore every pair of vertices is adjacent in circular antipodal graph. From this we can conclude
that the circular antipodal graph of Knis again Kn. Hence Kn is a self circular antipodal graph.

3. Circular antipodal graphs of trees

In this section we study the circular antipodal graphs of trees. We prove that in a tree, only pendent
vertices can be circular antipodal vertices.

Theorem 3.1. For a tree T, the circular antipodal vertices are pendent vertices only. Non pendent
vertices cannot be circular antipodal.
Proof. Let T be a tree. The circular periphery P<(T) of T consists pendent vertices only. Let r; € P°(T) be
a pendent vertex of T. Then there exists rj € T such that cir(ri,r;) = d°(T). Because of symmetric property
cir(ri,r;) = cir(r;,ri) =
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d®(T). Therefore both ri,rj are in circular periphery of T. Hence the circular antipodal vertices are
pendent vertices only.

Non pendent vertices cannot be circular antipodal vertices. Suppose, in contrary, that ri is not a
pendent vertex. But rir; are circular antipodal vertices. From the definition of circular antipodal
vertices, cir(ri,r) = d(T), i.e., ri,rjare in circular periphery of T, which is contradiction. Hence non
pendent vertices can not be circular antipodal vertices.

Remark 3.2. In a tree T, every pendent vertex need not be circular antipodal vertex.
For example see the figure 1.
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Figure 1. A Caterpillar and its circular antipodal graph
In this caterpillar the pendent vertices are rs,rg,r7,I's,r'9,r10,11,r12. But the circular antipodal vertices
are only rs,ro,r1o,r11,r2. Hence it shows that a pendent vertex need not be circular antipodal vertex.
Further H is a connected graph but circular antipodal graph of H is need not be connected.
Theorem 3.3. For the path graph Py, the circular antipodal graph consists of one copy of K;and n — 2
isolated vertices.
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Proof. Let P, be the path graph with vertex set {r1,r2,--- ,rn}. Then we can see that there is only one pair
of vertices, namely, (r1,rm) such that cir(ry,r.) = d°(P,). Therefore in the circular antipodal graph of P,
only one pair is adjacent and all others are isolated vertices. Thus A°(P,) consists of one copy of K;and
n — 2 isolated vertices.
Theorem 3.4. For the star graph Sty circular antipodal graph consists of complete graph K,and an
isolated vertex.
Proof. Let Sti, be a star graph. Let ro be the vertex which is adjacent to all other vertices ri,rz,--- ,rn.
Then for any two distinct pendent vertices r;,rj, the circular distance between them is same as circular
diameter, i.e., cir(ri,r)) = d°(Stin) (see theorem 5.6 in [9]). The vertex rois not an circular antipodal
vertex of any other vertex. Therefore in circular antipodal graph of Sti, riis adjacent to all other end
vertices. Hence the circular antipodal graph consists of one isolated vertex which is corresponding to ro
and a complete graph, Kn, on n vertices.
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4. Circular antipodal graphs of families of graphs
In this section, we construct circular antipodal graphs of some classes of graphs.
Theorem 4.1. For a cyclic graph C,, the circular antipodal graph consists of a copy of K.
Proof. Let C, be a cyclic graph with vertex set {rs,ro,--- ,rn}. Then we can see that, for any two vertices
(ri,r;) we have cir(ri,r;) = d(Cy) (see theorem 3.2 in [9]). Therefore in the circular antipodal graph of Ch,
there exists an edge between every pair of vertices. Thus A®(Cy) consists of one copy of K.
Theorem 4.2. For a wheel graph Wi,(n > 5) with n + 1 vertices, the circular antipodal graph of W1,
consists of a n — 3 regular graph on n vertices and an isolated vertex.
Proof. Let W1, be a wheel graph with n+1 vertices. Let rois adjacent to all other vertices ri,rz,--- ,rn.
Then we have cir(ri,rj)) = d°(Wi,) = n + 2 (see theorem 3.3 in [9]), where j 6=0,i — 1,i + 1 fori=1,2,---
,n (for rythese vertices are ro,ro,rnand for rnthese vertices are ro,r1,rn-1). Thus for every rithese are n—3
circular antipodal vertices. Hence the circular antipodal graph consists of a n — 3 regular graph on n
vertices and an isolated vertex.
It is trivial to prove the following.
Remark 4.3. (1) The wheel graph Wy 3is a self circular antipodal graph.
(2) For the wheel graph W4, the circular antipodal graph consists of two copies of K, and an isolated
vertex ro

Next, we consider the circular antipodal graph of a complete bipartite graph. We begin with a
notation.
Notation 4.4. In Knn, the vertex set is given by V U W, where V consists of m vertices {ri,r2,--- ,rm} and
W consists of n vertices {s1,52,-* ,Sn}-
Theorem 4.5. The circular antipodal graph of a complete bipartite graph Kmnn(m<n) consists of the
complete graph K, on n vertices and m isolated vertices.
Proof. In Kmn(m<n), we have cir(ri,rj) = 2m < d°(Kmn), Cir(si,s;) = 2m+2 = d(Km,) and cir(ri,sj) = 2m <
d(Kmn) (see theorem 3.4 in [9]). Therefore any pair s;,s;is adjacent in circular antipodal graph and no
other pair is adjacent. Hence the circular antipodal graph K, consists of the complete graph, Kn, on n
vertices and all other m vertices are isolated.
Theorem 4.6. The circular antipodal graph of a complete bipartite graph Kmmconsists of one copy of
the complete graph Kz, 0n 2m vertices.
Proof. In Ky m, we have cir(ri,rj) = 2m = d°(Kmm), Cir(si,sj) = 2m = d(Kmm) and cir(ri,s;)) = 2m = d(Kmm)
(see theorem 3.4 in [9]). Therefore any pair is adjacent in the circular antipodal graph. Hence circular
antipodal graph Kmmconsists of the complete graph, Kom, 0n 2m vertices.
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5. Conclusion
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The study of antipodal graphs has gained momentum in recent years. In this paper we study the
circular antipodal graphs of some classes of graphs. Further study will be taken up about circular D-
antipodal graphs.
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